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Abstract 

Minimal thinness is a notion that describes the smallness of a set at a boundary point. In 
this paper, we provide tests for minimal thinness for a large class of subordinate killed Brownian 
motions in bonnded domains, domains with compact complements and domains above 
graphs of bounded C^d functions. 
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1 Introduction 

Let X = {Xt,W’x) be a Hunt process in an open set D C d>2. Let OmD and dmD be the Martin 
and minimal Martin boundary of D with respect to X respectively. For any z G BmD, we denote 
by M^{x, z) the Martin kernel of at z with respect to X. The family of all excessive functions 
for X will be denoted by S. For a function u : —>• [0, oo] and a set FI C D, the reduced function 
of u on Fi is defined by = inf{s G 5 : s > u on FI} and its lower semi-continuous regularization 
is denoted by . A set Fi C FI is said to be minimally thin in FF at z G dmD with respect to X if 
R^d^ ^ cf. [14| . A probabilistic interpretation of minimal thinness is given in terms 

of the process X conditioned to die at z G dmD: For any z G dmD^ let X^ = (Xf,Fx) denote the 
M^(-, z)-process, Doob’s F-transform of X with F(-) = M^(-, z). The lifetime of X^ will be denoted 
by C It is known (see [M]) that limj-|-^ Xf = z, P|-a.s. For E C D, let Te := inf{t > 0 : Xf G E}. 
It is proved in m Satz 2.6] that a set E G D is minimally thin at z G dmD with respect to X if 
and only if there exists x G D such that P^(r^ < C) 7^ 1- This shows that minimal thinness is a 
concept describing smallness of a set at a boundary point. 

The history of minimal thinness goes back to Lelong-Ferrand [25] who introduced this concept 
in case of the half-space in the setting of classical potential theory. Minimal thinness for general 
open sets was developed in Nairn I2ZI, while probabilistic interpretation (in terms of Brownian 
motion) was given by Doob (see e.g. [Ej). Various versions of Wiener-type criteria for minimal 
thinness were developed over the years culminating in the work of Aikawa |2| who, by using the 
powerful concept of quasi-additivity of capacity, established a criterion for minimal thinness for 
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subsets of NTA domains. For a good exposition of these results and methods cf. [3l Part II, 7]. In 
case of a domain D C the finite part of the minimal Martin boundary dmD coincides with 
the Euclidean boundary dD, and Aikawa’s criterion reads as follows: Let E be a Borel subset of 
D. If E is minimally thin at z £ dD, then 

/ \x — z\~'^ dx < oo. (1.1) 

JEnB(z,l) 

Conversely, if E is the union of a subfamily of Whitney cubes of D and (|l.ll) holds, then E is 
minimally thin in D at z. 

Note that all works listed above pertain to the classical potential theory related to Brownian 
motion. For more general Hunt processes, although the general theory of minimal thinness was 
developed by Follmer already in 1969, see m, until recently no concrete criteria for minimal 
thinness were known. The first paper addressing this question was [20] which dealt with minimal 
thinness of subsets of the half-space for a large class of subordinate Brownian motions. Quite 
general results for a large class of symmetric Levy processes in K-fat open sets were obtained in 
|23j . The special case of a open set D was given in |23l Corollary 1.5]. We present here a 
slightly simplified version of the main result of |23j . Assume that X is an isotropic Levy process 
in M'^, d > 2, with characteristic exponent 'I'(x) = 'I'(|x|) satisfying the following weak scaling 
condition: There exist constants 0 < (5i < J 2 < 1 and ai, 02 > 0 such that 

< T(At) < a2A2‘^2^(t), A>l,t>l. (1.2) 

We note that many subordinate Brownian motions, particularly all isotropic stable processes, satisfy 
the above condition. Let be the process X killed upon exiting a open set D. If a Borel set 
E C D is minimally thin in D at z £ dD with respect to X^, then dEU) holds true. The converse 
is also true provided E is the union of a subfamily of Whitney cubes of D. Thus one obtains the 
same Aikawa-type criterion for minimal thinness regardless of the particular isotropic Levy process 
X as long as X satisfies the weak scaling condition ()1.2p . This is a somewhat surprising result. An 
explanation for this hinges on sharp two-sided estimates for the Green function of X^ which imply 
that the singularity of the Martin kernel M^{x, z) near z £ dD is of the order \x — z\~'^ for all such 
processes. 

The purpose of this paper is to exhibit a large class of (non-Levy) Markov processes for which 
the Aikawa-type criterion for minimal thinness depends on the particular process and is different 
from dni). This class consists of subordinate killed Brownian motions via subordinators having 
Laplace exponents satisfying a certain weak scaling condition. Let us now precisely formulate the 
setting and results. 

Let W = (VFtjPa;) be a Brownian motion in M'^, d>2, with transition density 

P{t, X, y) = (47rt)~i exp ^ t > 0, x, y G . 

Let S = (5Qt>o be an independent subordinator with Laplace exponent (j) : (0,oo) —>■ (0, 00 ), i.e., 
jgpg-ASt] _ g-t(/)(A)^ t > 0, A > 0. The process X = (Ai,Pa,) defined by Xt = Ws^, t > 0, is 
called a subordinate Brownian motion. It is an isotropic Levy process with characteristic exponent 
'I'(x) = cj){\x\‘^). Let D be an open subset of and let X^ be the process X killed upon exiting 
D. This process is known as a killed subordinate Brownian motion. By reversing the order of 
subordination and killing one obtains a different process. Assume from now on that iA is a domain 
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(i.e., connected open set) in and let = {WP,¥x) be the Brownian motion W killed upon 
exiting D. The process = {YP defined by YP = t > 0, is called a subordinate killed 
Brownian motion. It is a Hunt process and its infinitesimal generator is given by —(/>(— Ap) where 
A|£) is the Dirichlet Laplacian. 

Recall that the Laplace exponent of a subordinator is a Bernstein function, i.e., it has the 
representation 

(j){X) = bX+ f (1 — pdx), 

J (0,oo) 

with b > 0 and fi a measure on (0, oo) satisfying oo )(^ < oo, which is called the Levy 

measure of S. The potential measure of the subordinator S is defined by U{A) = fpF{St G A) dt. 
A Bernstein function 4> is called a complete Bernstein function if its Levy measure has a completely 
monotone density. A Bernstein function (p is called a special Bernstein function if the function 
A I—>• X/(j){X) is also a Bernstein function. The function A i—)• X/(f){X) is called the conjugate Bernstein 
function of p. It is well known that any complete Bernstein function is a special Bernstein function. 
For this and other properties of complete and special Bernstein functions, see [28j . 

In this the paper we will impose following assumptions: 

(Al) the potential measure of S has a decreasing density u] 

(A2) the Levy measure of S is infinite and has a decreasing density /r; 

(A3) there exist constants cr > 0, Aq > 0 and 6 G (0,1] such that 

^ < a t~^ for all f > 1 and A > Aq . 

PAX) 

Depending on whether our domain D is bounded or unbounded, we will consider the following two 
sets of conditions. 


(A4) If D is bounded and d = 2, we assume that there are (Tq > 0 


and (5o G (0, 2) such that 


^ f ^ > (Jot for all t > 1 and A > Aq • 
p'{X) 


(A5) If D is bounded and d = 2, we assume that 


f 


dX 

p{X) 


< oo. 


(A6) If D is unbounded then we assume that d >3 and that there are /3, ci >0 such that 

> ait~^ for all t > 1 and A > 0 . (1.3) 

u{X) 

Assumptions (A1)-(A5) were introduced and used in [18] and m- It is easy to check that if p is 
a complete Bernstein function satisfying condition (HI): there exist 01,02 > 0 and 81,62 G (0,1) 
satisfying 

aiX^^p{t) < p{Xt) < a 2 X^‘^p{t ), A > 1, t > 1, 
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then (A1)-(A4) are automatically satisfied. One of the reasons for adopting the more general setup 
above is to cover the case of geometric stable and iterated geometric stable subordinators. Suppose 
that a E (0,2) for d > 2 and that a E (0,2] for d > 3. A geometric (a/2)-stable subordinator 
is a subordinator with Laplace exponent 4>{X) = log(l + Let i;f>i(A) := log(l + A“/^), and 

for n > 2, (/>n(A) := A subordinator with Laplace exponent (l)n is called an iterated 

geometric subordinator. It is easy to check that the functions cj) and (pn satisfy (A1)-(A6), but 
they do not satisfy (HI). 

Assumption (Al) implies that p is a special Bernstein function, see, for instance, [331 Theorem 
5.1]. Moreover, (A3) implies b = 0, (A2) implies that /r((0,oo)) = oo, and (A5) is equivalent to 
the transience of A. In case d > 3, X is always transient. 

Condition (A6) is only assumed when D is unbounded and can be restated as 


u{R) 

u{r) 



0 < r < R < oo . 


(1.4) 


Under (A1)-(A3), the inequality in (II.4p is valid with (5 = 2 — 5 whenever 0 < r < i? < 1, (see 
(|2.1ip and (|2.12p below). So (A6) is mainly a condition about the behavior of u near infinity. It 
follows easily from [21] that if </> is a complete Bernstein function satisfying, in addition to (HI), 
also condition (H2): there exist 03, 04 > 0 and (I3, <54 E (0,1) satisfying 


a3\^^p{t) < p{Xt) < aiX^'^p{t) , A < l,t < 1, 


then (A0) is satisfied, see mi Corollary 2.4]. There are plenty of examples of complete Bernstein 
functions which satisfy (A6) but not (H2). For any m > 0 and a E (0,2), the function p{X) := 
(A + — m, the Laplace exponent of a relativistic stable subordinator, is such an example. 

Recall that an open set D in is said to be a (uniform) open set if there exist a localization 
radius i? > 0 and a constant A > 0 such that for every z E dD, there exist a C^’^-function p = 
pz '■ ^ M satisfying ^'(0) = 0, VV’(O) = (0,..., 0), HVV'Hoo < A, \V'i(>{x) — V'ijj{w)\ < A|a: — w\, 

and an orthonormal coordinate system CSz with its origin at 2; such that 


B{z, R)r\D = {y = (y, ya) in CSz ■ \y\ < R,yd> 'P{y)]- 

The pair (R, A) is called the characteristics of the open set D. 

Recall that an open set D is said to satisfy the interior and exterior balls conditions with radius 
i?i if for every 2; E 9L>, there exist x G D and y & such that dist(x, dD) = Ri, dist(y, dD) = Ri, 
B{x,Ri) C D and B{y,Ri) d D . It is known, see [H Definition 2.1 and Lemma 2.2], that an 
open set D is a open set if and only if it satisfies the interior and exterior ball conditions. By 
taking R smaller if necessary, we will always assume a open set with characteristics {R, A) also 
satisfies the interior and exterior balls conditions with the same radius R. 

We can now state the main result of this paper. By 5{x) we denote the distance of the point 
X E D to the boundary dD. 


Theorem 1.1 Assume that p is a Bernstein function satisfying (A1)-(A6). Let D be either 
a bounded domain, or a domain with compact complement or a domain above the graph 
of a bounded function. 

(1) If E is minimally thin in D at z £ dD with respect to , then 


' EOB(z,l) 


5{x)‘^p{5{x) ‘^)p'{\x — z\ ^) 
|x — 2;|'^+^(/>(|x — z|“2)2 


(1.5) 
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(2) Conversely, if E is the union of a subfamily of Whitney cubes of D and (|1.5I) holds true, then 
E is minimally thin in D at z ^ dD with respeet to . 

Since minimal thinness is defined for points in the minimal Martin boundary, the first step in 
proving this theorem is the identification of the finite part of the (minimal) Martin boundary of 
D with its Euclidean boundary. In case of a bounded Lipschitz domain, special subordinator S, 
and d > 3, this was accomplished in m Theorem 4.3] (see also [33l Theorem 5.84]). The method 
employed in [311 M heavily depended on the fact that the semigroup of the killed Brownian 
motion in a bounded Lipschitz domain D is intrinsically ultracontractive which implies that 
all excessive functions with respect to are purely excessive. In fact, m proves that there is 
1-1 correspondence between the cone of excessive (respectively non-negative harmonic) functions of 
and the cone of excessive (respectively non-negative harmonic) functions of , thus allowing 
an easy transfer of many results valid for to results for Y^. In case of an unbounded domain, 
the semigroup of is no longer intrinsically ultracontractive and the method from m cannot be 
used to identify the finite part of the (minimal) Martin boundary of D with its Euclidean boundary. 

In the case of killed subordinate Brownian motions, one of the main tools used in identifying the 
(minimal) Martin boundary of a (possibly) unbounded open set is the boundary Harnack principle. 

In the present case of subordinate killed Brownian motions, the boundary Harnack principle is 
not yet available. As a substitute for the boundary Harnack principle, we first establish sharp two- 
sided estimates on the Green functions of subordinate killed Brownian motions in any domain 
with compact complement or any domain above the graph of a bounded function. This is done 
in Section [3l see Theorems 13.11 and 13.21 In Section HI by using some ideas from |31] , we then show 
that the Martin kernel My (•,•) can be extended from D x D to D x D, cf. Proposition 14.41 By 
using sharp two-sided estimates of the Green function, we subsequently establish in Theorems 14.51 
and 14.61 sharp two-sided estimates for the Martin kernel My (x,z), x £ D, z £ dD. The remaining 
part of the section is devoted to proving that the finite part of the (minimal) Martin boundary 
of D can be identified with its Euclidean boundary in case D is either a bounded domain, a 
domain with compact complement or a domain above the graph of a bounded function. 
We note that in case of a bounded domain (and under the assumptions (A1)-(A5)) this 
gives an alternative proof of some of the results form m- Results of Sections [3] and H] might be of 
independent interest. 

Having identified the finite part of the (minimal) Martin boundary with the Euclidean boundary, 
we can follow the method developed by Aikawa, cf. [2] and O Part H, 7], which was also used in 
|23j , to prove Theorem 11.11 One of the main ingredients of this method is the quasi-additivity 
of the capacity related to the process Y^, see Proposition 15.91 This depends on the construction 
of a measure comparable to the capacity which relies on an appropriate Hardy’s inequality. The 
first result on minimal thinness is a criterion given in Proposition 16.21 stating that a subset E of 
D is minimally thin at z £ dD (with respect to Y^) if and only if ^ 

En = Er\{x £ D : 2“"'“^ < \x—z\ < 2“"'} and xq £ D a fixed point. The proof of this general result 
depends on an inequality relating the Green function and the Martin kernel of Y^, cf. Corollary 
14.141 The inequality itself hinges on sharp two-sided estimates of the Green function of Y^ (cf. 
Theorems 13.11 and 13.2p and sharp two-sided estimates of the Martin kernel (cf. Theorems 14.51 and 
USD. With the quasi-additivity of capacity and the criterion for minimal thinness from Proposition 
16.21 in hand, it is rather straightforward to complete the proof of Theorem 11.11 

As an application of Theorem 11.11 we derive an analogue to a criterion in the classical setting 
for minimal thinness in the half-space El of a set below the graph of a Lipschitz function / : —)• 
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[0, oo). In the classical case and the case of killed subordinate Brownian motions in the half-space 
studied in [23], the criterion states that the set A = {(x,Xd) E H : 0 < < f(x)} is minimally 

thin at 0 if and only if f{x)\x\~'^ dx < oo. For the subordinate killed Brownian motion 

the criterion depends on the underlying Bernstein function (p and says that A is minimally thin at 
0 if and only if 


fixmfix)-^wi\x\-^) 


dx < oo , 


Ai^KI} |x|'^+V(|x|-2)2 
see Proposition 16.51 and Remark 16.61 for the precise statement. 

Finally, we give some examples. We first look at three processes related to the stable process: 
(1) - the isotropic a-stable process killed upon exiting D, (2) - the subordinate killed 

Brownian motion in D with (a/2)-stable subordinator, and (3) - the censored a-stable process 

in D. Following |2B] we briefly indicate how to prove criteria for minimal thinness for the censored 
process, and then compare minimal thinness of a given set with respect to these processes and the 
index of stability a. Roughly, minimal thinness for implies minimal thinness for which 
in turn implies minimal thinness for see Corollary 17.31 for the precise statement. We also 
show that the converse does not hold. At the end of Section [T] we give some examples related to 
subordinate killed Brownian motions via geometric stable subordinators. 

Organization of the paper: In the next section we give some preliminaries on Bernstein functions 
satisfying conditions (A1)-(A5) and on the subordinate killed Brownian motion Y^ and its rela¬ 
tion to the killed subordinate Brownian motion. In Section O we prove sharp two-sided estimates 
for the Green function and the jumping kernel of Y^. In Section |3] we identify the finite part of 
the (minimal) Martin boundary with the Euclidean boundary and give sharp two-sided estimates 
on the Martin kernel of Y^. We continue in Section [5] with the proof of the quasi-additivity of 
the capacity. Results about minimal thinness are proved in Section [ 6 j The paper concludes with 
criteria for minimal thinness with respect to processes related to the stable case, and with respect 
to subordinate killed Brownian motions via geometric stable subordinators. 

In this paper, we use the letter c, with or without subscripts, to denote a constant, whose value 
may change from one appearance to another. The notation c(-, ...,•) specifies the dependence of 
the constant. The dependence of the constants on the domain D (including the dimension d) and 
the Bernstein function (p will not be explicitly mentioned. For any two positive functions / and 
g, f g means that there is a positive constant c > 1 so that c~^ g Y f < eg on their common 
domain of definition. We will use “:=” to denote a definition, which is read as “is defined to be”. 
For a, 6 E M, a Ab := min{a, b} and aW b := max{a, b}. 


2 Preliminaries 

In this section we first collect several properties of Bernstein functions and then collect some results 
on the subordinate killed Brownian motion Y^ and its relation to the killed subordinate Brownian 
motion X^. 

Lemma 2.1 (a) For every Bernstein function cp, 

1 AA<^^<1VA, for allt> 0 ,X> 0. (2.1) 

(p{t) 

(b) If (p is a special Bernstein function, then A \^(p'{X) and X i—>■ A^ increasing 

functions. Furthermore, for any 7 > 2, lim;v^o = 0- 
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(c) If cj) is a special Bernstein function, then for every d > 2, 7 > 2, A > 0, 6 G (0,1] and 
a G [ 1 , 00 ) it holds that 


Q,d+7+l_\d+7 ^("^-2^2 — id+'y ^(^--2^ — J^d+'y+l ^(-^-2^2 ’ 


for all t G [bX, aA] . 


( 2 . 2 ) 


Part (a) is well known, part (b) is proved in [18|. Lemma 4.1], and part (c) can be proved in the 
same way as m Corollary 2.2] where the proof is given for 7 = 2 . We will frequently use all three 
properties of the lemma, often without explicitly mentioning it. 

Let VL be a Brownian motion in D C a domain, and a Brownian motion killed 
upon exiting D. We denote by p^{t,x,y), t > 0, x,y ^ D, the transition densities of W^, and 
by {PP)t>o the corresponding semigroup. Let S' be a subordinator independent of the Brownian 
motion W. Let be the corresponding subordinate killed Brownian motion in D. The 

process is a symmetric Hunt process, cf. [32]. We will use {£^,'D{6^)) to denote the Dirichlet 
form associated with Y^. The killing measure of has a density kd given by the formula 


i^oix) = / ~ PF ^i^)) h{dt), x£D. (2.3) 

J (0,oo) 

It follows from the general theory of Dirichlet forms that for every v G T){£^) it holds that 

£^{v,v)> / v{xFKD{x)dx. (2.4) 

Jd 

Let {Rj^)t>o be the transition semigroup of Y^. We will need to compare this semigroup with 
the semigroup of the killed subordinate Brownian motion. Recall that Xf = Wst is the subordinate 
Brownian motion and {XP)t>o is the subprocess of X killed upon exiting D. Let {QP)t>o denote the 
transition semigroup of X^. It is well known, cf. [32l Proposition 3.1], that {Rf)t>Q is subordinate 
to (QP)t>o in the sense that 

Rf f{x) < Qf f{x) for all Borel / : D —>■ [0, 00 ) all t > 0 and all x G D. (2-5) 


Let jx(x) denote the density of the Levy measure of the process X. Then 

jx{x) = [ p{t,x,0) n{dt) = [ (47rt)"i exp /r(dt). 

4(0, 00 ) 4(0, 00 ) V y 

Clearly, jx is a continuous function of x on \ {0} and radial (that is, jx{x) = jx(|g^|))- Let 
denote the killing function of X^ . Then 

f^nix) = [ jx{x-y)dy, xGD, (2.6) 

JD^ 

and is a continuous function of x G D. 

Lemma 2.2 For any open set D C 

K-oix) < k-£,{x) , for almost all x & D . (2.7) 
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Proof. Using (12.51) . the Lemma follows from the argument of [301 Proposition 3.2]. 


□ 


Assume is a Bernstein function satisfying (Al) so that the potential measure of S has a 
decreasing density u{t). Then the Green function of the subordinate killed Brownian motion 
denoted by U^{x,y), x,y ^ D, is given by the formula 


U 


D 


r 

{x,y) = / 

Jo 


p^{t,x,y)u{t) dt = I r^{t,x,y)dt, x,y & D . 


Similarly, the Green function of X, denoted by Gx{x,y), x,y G is given by 


poo 

Gxix,y)= p{t,x,y)u{t)dt, x,y 
Jo 


Since p^{t, x, y) < p{t, x, y) for all x,y G D, we see from (12.81) and (12.91) that 


U^{x,y) < Gx{x,y), for all x,y G D . 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 


Assume now that 0 is a Bernstein function satisfying (A1)-(A5) and let S' be a subordinator 
with Laplace exponent (j). The potential density u{t) of S satisfies the following two estimates: 


u{t) < (1 - 2e“^)"^ ^ ^ 


and, for every M > 0 there exists ci = ci(M) > 0 such that 


t > 0, 


u{t) > Cl- 


0 < t < M. 


For the upper estimate see |18l Lemma A.l], and for the lower |18l Proposition 3.4] 
The density /r(t) of the Levy measure of S satisfies the following two estimates: 

l^it) < (1 — {t ~^), t > 0 , 


( 2 . 11 ) 


( 2 . 12 ) 


(2.13) 

(2.14) 


and, for every M > 0 there exists C2 = C2(M) > 0 such that 

d-{t) > C2t~'^4> {t~^) , 0 < t < M . 

For the upper estimate see |18[ Lemma A.l], and for the lower |18( Proposition 3.3]. 

Recall that Gxix, y) denotes the Green function of the subordinate Brownian motion Xt = Ws, 
When d> 3 we have that there exists C3 > 0 such that 

(j)'{\x-y\-'^) 


Gxix,y) < C 3 - 


x,y G 


(2.15) 


k “ y\^^'^4'{\x — y\~‘^y 

This can be proved by following the proof of [211 Lemma 3.2(b)] using (12.111) and |18l Lemma 4.1]. 
Moreover, by [181 Proposition 4.5] we have the following two-sided inequality: For every d >2 and 
XI > 0, there exists C4 = C 4 {M) > 1 such that 

(p'{\x-y\~'^) ^ {\x - y\~‘^) 


-1 


< Gx{x,y) < C 4 - 


\x-y\<M. (2.16) 


^ Jx — yl'^+2())(|x — yl“2)2 jx — ?/l'^+2(/>(lx — yl“2])2 

The Levy density of X also has the following two-sided estimates by m Proposition 4.2]: For 


every M > 0 there exists C5 = c^{M) > 0 such that 

C5 < jx{r) < {r ~'^), r G (0,M] . 

Thus, by using Lemma l2.H al and (c), for every M > 0, 

jx{r) < cjx{2r ), r G (0, M] . 


(2.17) 


(2.18) 









3 Kernel estimates on subordinate killed Brownian motion 


In this section we assume that D C is either a bounded domain, or a domain with 
compact complement or a domain above the graph of a bounded function. We assume that 
the characteristics of D is (i?, A). 

Recall that {PP)t>o denotes the transition semigroup of the killed Brownian motion and 
p^{t,x,y), t > 0, x,y £ D, is the corresponding transition density. It is known that p^{t,x,y) 
satisfies the following short-time estimates (cf. |35l [36l [29]I: For any T > 0, there exist positive 
constants ci,C2, C3, C4 such that for any t G (0,T] and any x,y £ D, 

p'’(t.x.!,)<..(^Al)(^Al) r^/^exp(-i*Lpd!) . (3.1) 

> <=3 A 1 ) A 1 ) r-Z^exp . (3.2) 

Thus, by the semigroup property and (13.ip . we get there exist positive constants 05,05,07,03 such 
that for every t > 3 


P^{t,x,y)= [ [ p^{l,x,z)p^{t-2,z,w)p^{l,w,y)dzdw 
JD Jd 

< 05 (5(x) A 1) {6{y) A 1) 

X ^ ^ exp (-oeix - z\^) {t - 2 )“'^/^ exp ^ 

< 05 {S{x) A 1) {6{y) A 1) 

x[ f exp (-cek - 3|^) (t - 2)-z/^ exp -f 

jR’i JRd \ t — 2 

< 07 {5{x) A 1) {5{y) A 1) exp . 


exp [—cq\w — yp) dzdw 


exp (—oelto — yp) dzdw 


Combining this with (|3.ip , we have that there exist positive constant og, oio such that for all t > 0 
and any x,y £ D, 


P {t,x,y) < Og 


ViM 


A 1 


^jy) 

ViM 


Alt 


.-d/2 


exp 


cio|x - y|^ 

t 


(3.3) 


We will use the following bound several times: By the change of variables s = c\x — y\‘^/t, for every 
0 > 0 and a G M, we have 


e|x-y| 


t-<./3exp(-*^| dt 


/ ^^7c^(x) \ / Vs/cS{y) \ / c|x -y| 

Iv v-y\ ) V \^-y\ I V " 


-yP\ _sc|x-y|^ 


d,s 


> c 


l-(a/2) 


Sjx) 

\x - y\ 


A 1 


Hy) 

\x - y\ 


Al)|x-y| “+2 / s“/2 2g 


(3.4) 


Our first goal is to obtain sharp two-sided estimates on U^. Under stronger assumptions on 
the Laplace exponent </> such estimates were given in [331 Theorem 5.91] for bounded D. In the 
remainder of this section (/> is a Bernstein function satisfying (A1)-(A5). We first consider the 
case |x — y| < M. 
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Theorem 3.1 For every M > 0, there exists a constant c = c(M) > 1 such that for all x,y £ D 
with \x — y\ < M, 


-1 ( ^{x)h{y) 


A 1 


(l)'{\x - y\ 


-2\ 


® “ yp / \x — y\'^^‘^(t){\x — y\~‘^Y 


< U^{x,y) < c 


A 1 


(j)'{\x - y\ 


- 2 '! 


S{x)S{y) 

{x — yl"^'' J |x — 


Proof. Upper bound: It follows from (I2.10p and (|2.16p that there exists a constant ci 
that for all x,y G D with \x — y\ < M, 


U^{x,y) < Gx{x,y) < cr 


f'{\x-y\ 2) 


X — — y\ 


Let C 2 be the constant cio in (13.3p . Since t increasing, using (12.lip we 

for r > 0, 


/i(r) := y" t-^/^-^exp(^-^'^u{t)dt<C3j'^ 
0 '(r- 2 ) 


. 2 \ 2 ) 


fit 


-li2 


< C3 


^(^- 2)2 


t-i-3 exp <it = c4r-‘'-‘A^ £ 

On the other hand, since u is decreasing, using (I2.11h we have that for r > 0, 

poo poo 

l2,(r):= < rt(r2) / t~‘^l‘^~^dt 

J J 

4 0'(r"2) 


t2+^e~^dt. 






(/)(r- 2)2 


(/)(r“ 2)2 

It follows from [18p Lemma 4.4] that 

poo 

L := t~^/‘^u{t) dt < oo. 

J(2MY 

Thus from p2.8p . p3.3p and (13.711 - ^3.9p . we have that, for \x — y\ < M, 

poo 

U^ix,y) = / p^it,x,y)uit)dt 
Jo 

plx—yl"^ p{2M)^ poo 

[ / p^{t,x,y)uit) dt + / p^ (t, x,y)uit) dt + / p^(t, x,y)uit) dt 
Jo J\x-v\^ i(2M')2 


< 


<C7 
+ C7 


1 

\x-y\‘^ 

t' 

{2Mf 




'h-j/P 


t ^6ix)5{y)uit) dt + C7 / t '^^‘^5ix)6{y)u{t) dt 


'(2M)2 


<C7<5(x)<5(y)(/i(|x - y|) + /2(|x - y|) + L) < - - ^\d+2y ,(^^ — 

\x — y\2 — y\°‘+^(p[\x — y\ 


(3.5) 
> 0 such 

(3.6) 
have that 

dt 

(3.7) 


(3.8) 


(3.9) 
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In the last inequality above we use the fact that r ^ r ^ is a decreasing function and 

is thus bounded from below by a positive constant on (0,M^]. Together with (13.61) this gives the 
upper bound in ()3.5I) . 

Lower hound: Since u is decreasing and \x — y\ < M, by (|3.2p and (I2.12p . 


U^{x,y) > eg 


I 


> 


Cgu{\x-y\‘^) / 

Jo 

(j)'{\x-y\-^) 


^5{x) 

Vi 

5{x 


'■\x-y 


Vi 


A 1 
) 

A 1 






> Cll 


Vi 

6ix) 


A 1 1 


exp 


cio\x - 


\x - y\‘^^{\x - y\-‘^Y Jo 
By combining this with (13.41) we arrive at 


exp 


dt 


cio\x - y'J 


dt. 


U^{x,y) > ci2 


x-y\ 
Vx)6{y) 
|x - y|2 


A 1 


A 1 


V{\x-v\ 


A 1 


Vv) 

\x — y\'' ") |x — y|'^+2|j!)(|x — y|“2)2 

V{\x-y\-‘^) 


\x — 2 /|'^+ 2 |;/)(|x — ?/|“ 2)2 ■ 


□ 


We now assume d>2> and consider our two types of unbounded domains and give different 
estimates for . 

If Z) C is a domain above the graph of a bounded function, then it follows from [351129j 
that there exist positive constants ci, C2, C3 and C4 such that for any t G (0, 00) and any x,y G D, 

< <=. (^ A 1 ) A 1) , (3,10) 

y) >VVt'' 0 W ''') ■ (3.11) 

Clearly for a > 2, 


Jlx—yp V Vi J V Vi J ^ ^ \\x y\ 


A 1 


Vv) 

x-y\'' ^ J \x-y\ 


A 1 


|a-2 


(3.12) 


By the change of variables s = \x — and the inequality 

f mI < ^ f jM, M 


via^-i/i’"y -1/1’"y ’ 

it is easy to see that for a G M and 6 > 0, there exist a constant c = c(a, 6) > 0 such that 




b\x - y\J 




I Vx) 

<c{ A1 

\x - y\ 


^jy) 

x-y\''^J \x-y\ 


A 1 


\a-2 • 


(3.13) 
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If D C is a domain with compact complement, then it follows from [36j that there exist 
positive constants C5, cq , cy and cs such that for any t G ( 0 ,00) and any x,y ^ D, 


P ^{ t , x , y ) < C5 

p ^{ t , x , y ) > C7 
Clearly for a > 2, 


\ViAl 

\ViM 


^jy) 

VtM 

Hy) 

VtM 


Alt 


.- d /2 


Alt 


.- d /2 


exp 


exp 


cek - 


csk - 


(3.14) 

(3.15) 


i 




\x—y\^ V Vt A 1 


A 1 


Vy) 

VtM 


< 


6 { x ) 


a — 2 \|x — y|Al 


A 1 


All t~°'/‘^dt 


A 1 


^(y) 


|x — y| A 1 


k - y\ 


a —2 


(3.16) 


By the change of variables s = \x — y\‘^/t and the inequalities 


5(x) 


|x — ?/| A 1 


A 1 < 


6 { x ) 


{\x-y\/Vs)M 


A 1 < Vs 


|x — y| A 1 


A 1 


s > 1, 


it is easy to see that for a G M and 6 > 0, there exists a constant c = c(a, 6) > 0 such that 


L 


\x-y\^ 




\VtAl 

< c 


A 1 


Vy) 

VtM 

6 { x ) 


and 


r\x-y\'^ 

Jo 


( 


\VtM 


A 1 


X — y| A 1 

Vy) 


A 1 


A 1 I exp 

Vy) 


h\x - y'J 


dt 


A 1 


1 


> c 


-1 


< 5 (x) 


|x — y| A 1 


Vt A 1 
A 1 


x — y \ Al J \x — y|“ ^ 
b\x - yp 


(3.17) 


A 1 1 exp 

Vy) 

|x — y| A 1 


t 


dt 


A 1 


1 


V - y| 


a—2 


(3.18) 


Theorem 3.2 Suppose that d > 3 and that 4> is a Bernstein function satisfying (A1)-(A3) and 
(A6). (1) Let D C be a domain above the graph of a bounded function. There exists a 
constant ci > 1 such that for all x,y & D, 


-1 


V - y| 


A 1 


Vy) 

V - y| 


A 1 


ui\x - yp) ^ 


\x - y\ 


d—<U (x,y) 


< Cl 


V - y| 


A 1 


Vy) 


\x - y\ 


V - y| 


d -2 • 


(2) Let D he a domain with compact complement. There exists a constant ci > 1 such 

that for all x,y ^ D, 


-1 


6 { x ) 


|x — y| A 1 


A 1 


Vy) 


|x — y| A 1 


A 1 


u {\ x - y \'^) ^ 


V - y\ 


d—<U (x,y) 


< Cl 


5(x) 


|x — y| A 1 


A 1 


Vy) 


|x — y| A 1 


A 1 


u{\x - yp) 

\x — yp“^ 
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Proof. We give the proof of (2) first. 

Upper bound: Using (|1.3I1 and the fact u is decreasing, we have from (13.1411 that 



Together with ()3.16l) - (j3.17l) we obtain the upper bound. 
Lower bound: Since u is decreasing, by (|3.15p 



Combining (|3.19p and ()3.18p we arrive at 


U^{x,y) > C6 


6{x) 


\x — y\ /\1 


A 1 


<J(y) 


|x — y| A 1 


A 1 


ui\x - j/P) 
\x — y\^~'^ 


Using (j3.4[) and (|3.10p - ()3.13p . instead of (I3.14p - ()3.19p . the proof of (1) is similar to (2). 


□ 


Proposition 3.3 The Green function is jointly continuous in the extended sense, hence jointly 
lower semi-continuous, on D x D. 


Proof. Let x,y G D, x ^ y, and set y = \x—y\/2. Let (x„, yn)n>i be a sequence \nDxD converging 
to {x,y) and assume that \xn — yn\ > f]- For every t > 0, limn^ooP^{t,Xn,yn) = P^{t,x,y). 
Moreover 


p^{t,Xn,yn) < (dvrt) "'/^exp exp 


ir 

At 


Since the process X is transient, we have that 


f 


(dvrt) exp ( “^ ) dt < oo . 


Now it follows from the bounded convergence theorem that 

poo poo 

lim U^{xn,yn) = lim / p^{t,Xn,yn)u{t) dt = / p^{t,x,y)u{t)dt = U^{x,y). 

n-^oo n-^oo 

On the other hand, from Theorem o we get that 


lim U^{xn, yn) = +00 = U^{x, x). 
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Thus is jointly continuous in the extended sense, and therefore jointly lower semi-continuous. 

□ 


We now recall a result from analysis (see |34l Theorem 1, p. 167]): Any open set H C is the 
union of a family {Qj}jgN of closed cubes, with sides all parallel to the axes, satisfying the following 
properties: (i) int(Qj) H int((5fc) = 0, J 7^ k; (ii) for any j, diam(Qj) < dist{Qj,dD) < 4diam(Qj), 
where dist((5j, dD) denotes the Euclidean distance between Qj and dD. The family {Qj}jeN above 
is called a Whitney decomposition of D and the Qj’s are called Whitney cubes (of D). We will use 
Xj to denote the center of the cube Qj. For each cube Qj let Q* denote the interior of the double 
of Qj. 

Corollary 3.4 (i) For every M > 0 there exists a constant ci = ci{M) > 1 such that for all 
Whitney cubes Qj whose diameter is less than M, 

cf^U^{x', y) < U^{x, y) < ciU^{x', y) , (3.20) 

for all X, x' E Qj and all y £ D \ Q* with dist(?/, Qj) < M. 

(ii) For every M > 0 there exists a constant C2 = C2(M) > 0 such that for all cubes Qj whose 
diameter is less than M and all x,x' E Qj, it holds that 

U^[x,x') > C 2 Gx{x,x') . (3-21) 


Proof, (i) From the geometry of Whitney cubes it is easy to see that there exists a constant c > 1 
such that for every cube Qj it holds that 

c~^6{x) < d{xj) < c5{x ), for all x £ Qj , 

c~^\x — y\ < \xj — y\ < c\x — y\ , for all x £ Qj and all y £ D\Q* . 

Together with Theorem 13.11 and Lemma I2.ir ci , these estimates imply that 

U^{x, y) X U^{xj,y ), for all x £ Qj and all y £ D\Q*j with dist(?/, Qj) < M, 


with a constant independent of Qj. This clearly implies the statement of the corollary. 

(ii) If x,x' £ Qj, then \x — x'\ < diam(Qj) < dist{Qj,dD) < 6{x) A 6{x') A {AM). Thus it follows 
from (|3.5p and (I2.16P that 


U^{x,x') > Cl 


4>'{\x — X 


l\-2\ 


X — x'|‘^+2(/)(|x — x'|“2)2 


> C2Gx{x,x'). 


□ 


Let J^{x, y) be the jumping density of defined by 

1*00 

J^{x,y)= p^{t,x,y)ji{t)dt. 

40 

Clearly J^{x,y) < jx{\x - y\), x,y £ D. 

Using (|2.13p . (I2.14p . (|2.17l) and the fact that t^(t)'{f) is increasing (see Lemma [24T bU. the proof 
of the next proposition is very similar to that of Theorem 13.11 
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Proposition 3.5 For every M > 0, there exists a constant c = c{M) > 1 such that such that for 
all x,y £ D with \x — y\ < M, 


c 


-1 


/ 6{x)5{y) 
V |x - y|2 



f)'{\x-y\ 

I® — yl'^+2 


< J^ix,y) < c 


( ^{x)h{y) 
V k - yp 



(t>’{\x-y\ 

\x — y|'^+2 


For any open subset B of D, let U^'^{x, y) be the Green function of killed upon exiting B. 
We define the Poisson kernel 


K 


’^{x,y) := [ U^’^{x,z)J^{z,y)dz, {x,y) £ B x {D \ B). (3.22) 

JB 

Using the Levy system for , we know that for every open subset B oi D and every / > 0 on 
D\B and x £ B, 

E, [/(F,^); ^ = [ _K^’^ix,y)f{y)dy. (3.23) 

Jd\b 

Lemma 3.6 For every M > 0, there exists c = c(M) > 0 such that for any ball B{xo,r) G D of 
radius r £ (0,1], we have for all {x, y) £ B{xq, r) x (D\ B{xo,r)) with \x — y\ < M, 


(|y - xol - rY+-^ 


(3.24) 


Proof. Let B = B{xo,r). Since U^’^{x,y) < Gx{x,y), (I3.22p and Proposition 13.51 imply that for 
every (x, y) £ B x {D\B) with \x — y\ < M, 


K 


< j Gxa,z)J^iz,y)dz 

Jb 


k - y? 


k - y\ 


dz 


<ci{M)6{y) f Gx{x,z)^^-!^ — 


'B 


\z — y\d-+3 


(3.25) 


Since \z — y\ > \y — xo| — r and t ^ t ^(f>'{t is decreasing (see Lemma inT bF 


IB 


Gxix, z /.^^^-yp dz < 


k - y\ 


d+3 


< 


{\y - a^ol - 
4>'i{\y - a^ol - r)~^) 

{\y - xo\ - r)^+^ 7^(0,2r) 


Gx{x, z)dz 
[ Gxi0,z)dz. 

JB(0.2r) 


(3.26) 


By (I2.16p . we have 


[ Gx{0,z)dz <02/ 
J B(0,2p) J B 






B(0,2r) 

J.rr,-l-2\-l 


- 2)2 


dz = C 2 r 


p2r 

i ^ 


.-3 £(121 

4>{r-^)^ 


dr 


< 2"^C3(/>(2"V"'')"^ < 2ci(j){r-'^)~\ 
Combining p3.25p - p3.27p . we have proved the proposition. 


(3.27) 

□ 
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4 Martin boundary and Martin kernel estimates 

In this section we assume that D C is either a bounded domain, or a domain with 
compact complement or a domain above the graph of a bounded function. We assume that 
the characteristics of D is (i?, A). 

Denote by the subordinate killed Brownian motion via a subordinator with Laplace expo¬ 
nent X/4>{X). Let 'jl{dt) be the Levy measure of the (possibly killed) subordinator with Laplace 
exponent X/4>{X), the conjugate Bernstein function of </>(A). Since //((0,oo)) = oo, we also have 
//((0,oo)) = oo, 

A 

= u{oo) + (1 - e-^%{dt) 

and 


u(t) = oo)) -|- u(oo). 


(4.1) 


(See [33l Corollary 5.5] and the paragraph after it.) 

Denote by {Rj^)t>o the transition semigroup of and by the potential operator of Y 
For any function / which is excessive for we define an operator by 

f{x) =u{oo)f{x) + [ {f{x)-Pff{x))'jl{dt), xGD. 

J (0,oo) 

Let G^{x,y) = p^{t,x,y)dt be the Green function of W^. 

Lemma 4.1 For any x,y ^ D, we have 

U^{x,y) = V^{G^{;y))ix). 

Proof. By the semigroup property, for every s > 0, 


rD 


G 


Thus 


/•OO FS POO 

\x,y)= / p^{t,x,y)dt= / p^{t,x,y)dt+ / p^{t + s,x,y)dt 

Jo Jo Jo 

PS POO PS 

/ P^it,x,y)dt +p^{t,-,y){x)dt = p^{t, x,y)dt + P^G^{■,y){x). 

Jo Jo Jo 

[ {G^ix,y) - PFG^{-,y){x))p{ds) = [ [ p^{t,x,y)dtjl{ds). (4.2) 

4 ( 0 . 00 ) J(O.co) Jo 


'(0,oo) 

Using (14.ip we see that 

V^{G^{-,y)){x) = u{oo)G^{x,y) + 


p^{t, x, y)dtp{ds) 


'(0,oo) ^0 
roo 


POO 

= u{Qo)G^{x,y) + / Jl{{t,Qo))p^{t,x,y)dt 

Jo 


= u{oo)G^{x,y) + I {u{t)-u{oo))p^{t,x,y)dt = U^{x,y) 


Di 


tD, 


□ 
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Note that according to the pointwise version of the Bochner subordination formula one can 
regard —V as the generator of V^. This provides an intuitive explanation of Lemma (14.11) . namely 
V^U^i;y) = V^V^G^i;y) = -AG^(-,y) = -5y. 

Fix a point xq ^ D and define the Martin kernel with respect to based at xq by 

Myix.y) ■■= x,yeD,y^xo. (4.3) 

U^[XQ,y) 

We will establish some relation between the Martin kernel for and the Martin kernel for W^. 
Define the Martin kernel with respect to based at xq by 

M^{x,y) := , x,yeD,y^xo. (4.4) 

'-f [xo,y) 

Since D is a domain, for each 2 ; G dD there exists the limit 

M^{x, z) := lim M^{x, y). 

y^z 

In the next lemma, we extend [331 Lemma 5.82] by including our two types of unbounded 
domains and the case d = 2 for bounded domains. 


Lemma 4.2 If {yj)j>i is a sequence of points in D such that limj^ooUj = z & dD, then for each 
t > 0 and each x € D, 

Proof. Recall that the characteristics of D is (R, A). Fix x G D and let Ri := {R A \xo — 
zl A |x — ^|)/4. We assume all yj are in B{z,Ri/2) n D. For any r G (0,Ri], there exists a ball 
B{Ar{z),r/2) C D n B{z,r). It is well known (see [U page 140] and [HI Theorem 7.1]) that there 
exist ci, (3 > 0 such that for any r G (0, Ri] and any (y, w) G D (1 B{z,r) x {D\ B{z, 2r)), 

\M^{w,y) — M^{w,z)\ < ciM^{w,Ar{z)) . (4.5) 

Let g{w) = \ be the Newtonian kernel when d > 3 and be the logarithmic kernel g{x) = 

^log V1 when d = 2. Using the estimate of p^{t, x, y) in (13.Ih and the Green function estimates 
of Brownian motion, we have the following estimates: for every f > 0 there exists a constant 
C 2 = C 2 {t,S{x), Ri) > 0 such that 

P^(t,x,y)M^{y,z) < C 2 g{y - z) Vy G ^(z, Ri) n D, (4.6) 


P^{t,x,y)M^{y,yj) < C 2 g{y - yj) Vy G B{yj,Ri) n D. 


In fact, since 

for d > 3, 


^jy) . ^jy) \ 
\y-yj\ ^(yj)) 


< 2 , 


p^{t,x,y)M^{y,yj) < C3{t)6{x)5{y) 


G^{y,yj) 

^{yj) 


(4.7) 
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^iyj)\\y-yj\ J\\y-yj\ 
A1) \y-yj\ 


< A i) A 1) l!/ - 


< C 4 {t,S{x)) 

< C 4 


<5(y) f ^iyj) ^ A ,, ,-d +2 


^{yj) \\y-yj\ 

^ \y-yj\~‘^^‘^ < ‘^C 4 {t, 6 {x))\y -yj\ 


-d +2 


This proves (j4.7p for d > 3, and by letting yj —>■ z, we get (|4.6p for d > 3. The proofs of (14.611 and 
P4.7I1 for d = 2 are similar. 

The inequalities (14.6p and (14.71) imply that for every r < i?i and sufficiently large j, 


[ P^{t,x,y){M^{y,yj) +M^{y,z))dy < 2 c 2 

J Dr\B{z,r) 


B(0,2r) 


g{y)dy. 


(4.8) 


Given e > 0, choose 0 < ri < i2i small such that JB (0 2 ri) ^ £/(4c2). For y G D \ B{z,ri), 

by (14.51) we get that 


\M^{y,yj) - M^{y,z)\ < C 2 M^{y, Ar^{z)) 


tD 


D, 


\yj - A 


n 


(4.9) 


Therefore, using the fact that y M^{y, z) is excessive for W^, for every large j 

yDi 




< 


p^{t, X, y){M^{y, yj) + M^{y, z))dy + 


p^{t,x,y)\M^{y,yj) -M^{y,z)\dy 


tD 


Dt 


J Df\B{z,rP) 
<e/2 + C2 


/D\B(2,ri) 


f iDD]\/rD/_ 4 ^ ^ In 1 1 %’ ^1 \ nxD 


n 


f PA’M^{-,ArAz)){y)dy <£/2 + C2 

Jd V n 


M^{x, Ar^ (z)) < s. 


□ 


Using the previous lemma, the proof of the next lemma is the same as that of |33l Theorem 
5.83(b)]. So we omit the proof. 

Lemma 4.3 If {yj)j>i is a sequence of points in D converging to z G dD, then for every x G D, 


lim 

j^oo 


\G^{xQ,yj)J j^oo 


G^{xo,yj) 


= V^{M^{;z))ix). 


Let us define the function Hy{x,z) := V^{M^{-,z)){x) on D x dD. Let (yj) be a sequence of 
points in D converging to z G dD, then from Lemma 14.31 we get that 


^ {G^{ 

j—^oo G^{xo, yj) jTi G^{xo, yj) ’ 




where the last equality follows from Lemma l4.ll In particular, there exists the limit 

U^{xo,yj) 


lim 


j^OO G^{xo,yj) 


= H^{xq,z) . 


(4.10) 


(4.11) 
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X G D,z G dD. 


(4.12) 


Now we define a function My on D x dD by 


My{x, z) 


Hyjx.z) 

H^{xo,z)' 


From the definition above and (I4.10p - ()4.1ip . we can easily see that 


U^(x y') _n 

lim -jy- —^— - = My{x,z), x£D,z£dD. 
DBy^zU^{xo,y) 


(4.13) 


Thus we have proved the following result. 

Proposition 4.4 The function My (•, •) can be extended from D x D to D x D so that for each 
z G dD we have that 

Myix, z) = lim My (x, y) = lim ■ 

J/-S-Z U^{xo,y) 

The following two types of sharp two-sided estimates for My{x,z) now follow easily from 
Theorems 13.11 and 13.21 


Theorem 4.5 Assume that (f is a Bernstein function satisfying (A1)-(A5). Let D C be a 
bounded domain, or a domain with compact complement or domain above the graph of a 
bounded function. For every M > 0 and z G dD, there exists a constant c = c(M, z) >1 such 
that for all X ^ D with \x — z\ < M, 


5{x)4>'{\x — zj ^) 

\x — z\'^~^^4>{\x — z\~‘^Y 


< My{x, z) 


<5(x)(/>'(|x — z\ ^) 

X — z\‘^~^'^4>{\x — z|“2)2 


(4.14) 


Note that the constant c in Theorem 14.51 will in general depend on z G dD. This is inconse¬ 
quential, because the point z will always be fixed. 


Theorem 4.6 Assume that 4> is a Bernstein function satisfying (A1)-(A3) and (A6). (1) Let 
D C be a domain above the graph of a bounded function. There exists a constant ci > 1 
such that for all x G D and z G dD, 


c^ ^(5(x) 


u{\x — z\‘^)\xo — z\'^ 
m(|xo — 2:p)|x — z\'^ 


< My{x,z) < ci6{x) 


u{\x — Zp)|xo — z\^ 
m(|xo — .2P)|x — z\^ 


(4.15) 


(2) Let D <zW^ be a domain with compact complement. There exists a constant C2 > 1 such 
that for all X G D and z G dD, 


-1 


J(x) 


X — 2 A 1 


A 1 


|xo - zl A 1\ u(|x - 2;r)|xo - z\^ 2 —D 


32 - My(x, z) 


< C2 


6{x) 


X — 2 A 1 


A 1 


X — zj A 1 J u{\xo — Zp)|x — z\^ ^ 

\xq — z| a 1 \ u(|x — z\‘^)\xq — z\'^~‘^ 


X — z| A 1 J u(|xo — 2;p)|x — z\^ ^ 


(4.16) 


Remark 4.7 (1) Theorem 14.51 in particular implies that Myi', zi) differs from My{-, Z 2 ) if zi and 
Z 2 are two different points on dD. 
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(2) From Theorem 14.61 we have lim£)9a;_).oo Myix, z) = 0 for any z G dD. In fact, for |x — zj > 
z — xo\ we have u{\x — z\) < tt(|xo — z\). It is clear that 


lim sup 

DBx^oo 



|a:o - zj^ 
lx — zp 


+ 


|xo - zl A 1 \ 

|x — z| A 1 J 


< lim sup 

DBx—>-oo 


\xo - zp 
|x — z\ 


|xo - z| A 1 \ 

|x — zj A 1 J 


< oo. 


Thus, in both cases. 


r r u(|x - 2;p)|xo - 2:p ^ \xo - z\^ 

Inn sup My{x,z) < c hm sup — -pr----p—p < c iim sup -- , = 0. 

DBx^oc DBx^ooU{\X0 - z\^)\x - z\^ ^ DBx^oo X-^P 


(4.17) 


Using the continuity of in the extended sense (Proposition 13.3p and the upper bound in 
(I2.16p . one can check that satisfies Hypothesis (B) in [23]. Therefore, D has a Martin boundary 
SmD with respect to satisfying the following properties: 

(Ml) D U BmD is a compact metric space (with the metric denoted by d); 

(M2) D is open and dense in D U BmD, and its relative topology coincides with its original 
topology; 

(M3) Myix, ■ ) can be uniquely extended to BmD in such a way that 

(a) My{x,y) converges to My{x,w) as y ^ w £ BmD in the Martin topology; 

(b) for each w £ DU BmD the function x —>■ My (x, w) is excessive with respect to 

(c) the function (x, w) —>■ My (x, w) is jointly continuous on H x [{D \ {xq}) U BmD) in the 
Martin topology and 

(d) Mf (• ,Wi ) / if wi 7^ W 2 and wi,W 2 £ BmD. 

Recall that a positive harmonic function / for Y^ is minimal if, whenever h is a positive 
harmonic function for Y^ with h < f on D, one must have f = ch for some constant c. A point 
z G BmD is called a minimal Martin boundary point if My{-,z) is a minimal harmonic function 
for Y^. The minimal Martin boundary of Y^ is denoted by BmD. 

We will say that a point w £ BmD is a finite Martin boundary point if there exists a bounded 
sequence {yn)n>i C D converging to w in the Martin topology. Recall that a point w on the Martin 
boundary BmD of D is said to be associated with z G BD if there is a sequence {yn)n>i C D 
converging to w in the Martin topology and to z in the Euclidean topology. The set of Martin 
boundary points associated with z is denoted by Bf^D. 

By using Proposition 14.41 the proof of next lemma is same as that of [221 Lemma 3.6]. Thus we 
omit it. 


Proposition 4.8 For any z £ BD, Bf^^D consists of exactly one point w and My{-, w) = My{-,z). 


Because of the proposition above, we will also use z to denote the point on the Martin boundary 
B\jD associated with z G BD. Note that it follows from the proof of [22l Lemmas 3.6] that if {yn)n>i 
converges to z £ BD in the Euclidean topology, then it also converges to z in the Martin topology. 

In the remainder of this section, we fix z G BD. The proof of the next result is same as that of 
[221 Lemma 3.8]. Thus we omit the proof. 

Lemma 4.9 For every bounded open O <Z O <Z D and every x £ D, My (Y.^, z) is ¥x-integrable. 
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Using the results above, we can get the following result. 


Lemma 4.10 Suppose that cj) is a Bernstein function satisfying (A1)-(A6). For any x & D and 
rG{0 ,RA{6 ix)/2)], 


Proof. Recall that D satisfies the interior and exterior balls conditions with radius R. Thus, for 
all r G (0, R], there is a ball B{Ar{z),r/2) C D D B{z,r). Fix x G Z? and a positive r < R A 
Let 

r]m ■■= and Zm = Ar,^{z), m = 0,1,- 


Note that 


B{zm,'nm+i) C Dn B{z, 2 ^rjm) C Dn B{z, prn) C D D B{z, r) C D\ B{x, r) 


for all m > 0. Thus by the harmonicity of Myi', Zm)-, we have 


M^{x,Zm) = E, M^(y, 





Choose mo = mo > 2 such that r]mo < ^{xo)/^- 

To prove the lemma, it suffices to show that {My Zm) ■ m > mo} is Pa,-uniformly 

integrable. Fix an arbitrary e > 0. We hrst note that if D is unbounded, by Theorem 13.21 there 
exists L > 2r V 2 such that for every m > mo and w G D\B{z,L), 


U^{w,Zm) ^ C / d{Zjn) 

{FOi Zm) V 1^ ^m| F 1 

C 


A 1 


5{w) 


\w - Zm.\ A 1 


A 1 


U[W — Zn 


W — Zri 


\d-2 


< 


6 {z„ 


(so^) A1) (Mu.) A1) - -1' 


< C- 


U(\W — Zn 


< c- 


b'{\w-Zra\ 


\W — Zn 


< c- 


d-2 — 


4>\{L/2) 


\W - Zm 
- 2 \ 


d-2 


e 

< 


W - Zml^^+miw - Z^|- 2)2 - (L/2)'^+2^((L/2)-2)2 “ 4' 


In the above inequalities, we have used Lemma l2.1I bb If D is a bounded domain we simply take 
L = 2diam(H) so that D \ B{z, L) = 0. Thus 


E.7 




eD\B{z,L) 


^ £ 
- 4 ' 


(4.18) 


By Theorem 13.11 there exist mi > mo and ci = ci(L) > 0 such that for every w G {D f] B{z,L)) \ 
B{z, r]m) and y G D n B{z, Pm+i), 


My {w, Zm) < ciMy {w,y), m>mi. 


Letting y ^ z we get 

My{w,Zm) < ciMy{w,z), 


m > mi,w G (D n R(^;, L)) \ B{z, rjm)- 


Since z) is P3;-integrable by Lemmathere is an Nq = No{£) > 1 such that 




'RB{x,r) 


M?{Y, 




< 


2ci' 


(4.19) 


(4.20) 
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By (iroi) . (lOTD and (OOll 




< 


^4...) ^D\B{z,Vm) 


+E3; 
< C1E3- 


.„,, *-m) > iV„ and y;“ _ e (D n B(a,L)) \ B(a,,„) 
M?iY°,,.z.„y.YZ..,€D\B(z,L) 


YI?(Y°„_,,.zyczM?(Y,l^^^,z) > JV, 


D^xyD 

YB(x,r) ’ 


e e e 3e 
+ 4<"'^ + 4 = T- 


By (I3.24p . we have for m > mi, 






/ 

JDi 


lDnB{z,r]m) 
< C2(/)(r"^)"^ 


My {w, (x, w)dw 


MY{w,Zm)S{w) 


' Dr\B{z,r)m) 


(l)'{{\w — x\ — r) 
(|rt; — a:| — r)^+^ 


dw. 


Since \w — x\ >\x — z\ — \z — w\ > d(x) — r]m> \r, applying Lemma [2TlT ai-lci . we get that 


Ea- 


e DnB(=,,™) 




<C 2 ,r ^(/)'(((3r/4) ^)(/)((3r/4) ^ f My {w, Zm)5{w)dw 

J DnB{z,r)m) 

C4r~'^~^(j)'{r~‘^)(j){r~‘^)~^U^{xo,Zm)~^ [ {w,Zm)d{w)dw. (4.21) 

J DnB{z,rjm) 


< 


Note that, by Theorem 13.11 . 


and by (I2.16P 


U^{xo,Zm) ^ < — 
Vm 


(4.22) 


/ 6 {w)U^ {w, Zm)dw < / 5{w)Gx{'W, Zm)dw 

' DnB{z,rim) JDnB(z,rjm) 


^ CQfjm 
^ CaVni 

— CQ'Hm 

— C’j'dm 


ct)'{\w - Z„ 


1-2^ 


DnB(z,r,m) 1^ - Zm[^+‘^(t>{\w - Zm\ 


dw 


- z„ 


l-2\ 


rdw 


Iq dr \4>{r 2) 
It follows from p4.2iP " (l4.23p that 


B(«™,2a„) k - 2m|‘‘+'k(k - Z,n\ 

B(0,2,.) ^"io .. 

/ 2>?m J / 1 \ 

31 ( ) dr < C8r/m</>((2r?m)“^)"^ 


r3())(r 2)2 


E.^ 




(4.23) 
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< cgr ^)4>{r ^ 


1 


< 


c(r) 


Thus there exists m2 > mi such that for all m > m2, 








Consequently, for all m > m2, 


E.^ 


< 


< e, 


(U" , .„) > JV 

which implies that {My > -^m) ^ ^ > fTT-o} is P^-uniformly integrable. 

Using this, we can easily get the following 


□ 


Theorem 4.11 Suppose that (p is a Bernstein function satisfying (A1)-(A6). The function 
M^{-,z) is harmonic in D with respect to Y^. 


Proof. The proof is the same as that of [221 Theorem 3.10]. 


□ 


Theorem 4.12 Suppose that p is a Bernstein function satisfying (A1)-(A6). Every point z on 
dD is a minimal Martin boundary point. 

Proof. Fix 2: G dD and let h he a positive harmonic function for snch that h < Myp, z). By 
the Martin representation in [23], there is a finite measnre on OmD such that 

h{x) = / My {x, w) fi{dw) = / My (x, w) ^{dw) + My {x, z)iJ,{{z}). 

JdMD JdMD\{z} 

In particnlar, /j{dMD) = h{xo) < My{xo,z) = 1 (because of the normalization at xq). Hence, p is 
a sub-probability measure. 

For e > 0, put := {tc G SmD : d{w., z) > e}. Then Ag is a compact subset of OmD. Define 

u{x) := / My {x, w) p{dw). (4.24) 

Jk^ 

Then tt is a positive harmonic function with respect to Y^ satisfying 

u{x) < h{x) — p{{z})My {x, 2;) < (1 — p{{z})) My (x, z). (4.25) 

By (M3)(c), our estimates in Theorems 14.51 and 14.61 and the fact liuiD^x^co My {x, z) = 0 (cf. Re¬ 
mark azj) we see from (14.241) and (j4.25|) that u is bounded, \\m.]:)^x^w u{x) = 0 for every w G dD 
and liniD^x^oo u{x) = 0. Therefore by the harmonicity of u, u = 0 in D. 

We see from (|4.24p that u = = 0. Since e > 0 was arbitrary and \ {z} = Ue>oAe, we 

see that p\d^D\{z} = 0- Hence h = /i({2})My (•, 2) showing that My{-,z) is minimal. □ 

Combining Remark I4.7l fll and Theorem 14.121 we conclnde that 

Theorem 4.13 Suppose that p is a Bernstein function satisfying (A1)-(A6). The finite part of 
the minimal Martin boundary of D and the finite part of the Martin boundary of D both coincide 
with the Euclidean boundary dD of D. 
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We conclude this section with following inequality, which will be used in Section [6l 


Corollary 4.14 Fix z G dD and assume that xq G D (1 B{z,R) satisfies R/A < 6{xq) < R and 
My is the Martin kernel of D based on xq. Then there exists c = c(z) > 0 sueh that for all 
x,y G B{z, R/A) with ||x — z| < \x — y\, 

(4.26) 

Proof. It follows from Theorem 13.II and Theorem 14.51 that 

U^{x, y) X d{x)6{y)\x - - y\-‘^)(p{\x - y\~‘^)~‘^ , 

My{x,z) X S{x)\x — z\~‘^~‘^(l)'{\x — z\~‘^)c/){\x — z\~‘^)~‘^ , 

U^{xo,y) X 6 {y)\xo-yl-^^-'^ffilxo-y\~^)cj){\xo-y\~‘^)~^ S{y). 

Since |xo — y\ > R/A and r is decreasing, we can estimate U^{xo,y) > 

ci5{y). Using the monotonicity of r i—>• we get 

^'{\x-y\-^) ^ f'm\x-z\)/A)-^) 

\x — y\d-+‘^(j){\x — “ ((3|® — z\)/AY+‘^(f>{[{‘A\x — z\)/A)-‘^Y ' 

Applying Lemma iTlT c) we get that U^{x,y)/MY{x,z) < ci6{y). This completes the proof. □ 


5 Quasi-additivity of capacity 

Throughout this section we assume that ^ is a Bernstein function satisfying (A1)-(A5). Let Cap 
denote the capacity with respect to the subordinate Brownian motion X and Cap^j the capacity 
with respect to the subordinate killed Brownian motion Y^. The goal of this section is to prove 
that CapD is quasi-additive with respect to Whitney decompositions of D. 

We start with the following inequality: There exist positive constants ci < C2 such that 

cir'^(^(r“^) < Cap(B(0, r)) < C 2 r‘^(j){r ~‘^), for every r G (0,1]. (5.1) 

Using (12.160 . the proof of (15.ip is the same as that of [231 Proposition 5.2]. Thus we omit the proof. 

For any open set D C M^, let S{D) denote the collection of all excessive functions with respect 
to and let be the family of positive functions in S{D) which are continuous in the 

extended sense. For any v G S{D) and E G D, the reduced function of v relative to FI in H is 
defined by 

R^{x) = inf{r(;(x) : w G S{D) and tc > u on U}, x G M'^. (5.2) 

The lower semi-continuous regularization R!^ of Ry is called the balayage of v relative to E in 
D. Note that the killed Brownian motion is a strongly Feller process. Thus it follows by O 
Proposition V.3.3] that the semigroup of Y^ also has strong Feller property. So it follows easily 
from [31 Proposition V.2.2] that the cone of excessive functions S{D) is a balayage space in the 
sense of [5|. 

In the remainder of this section we assume that ID C is either a bounded domain, or a 
domain with compact complement or a domain above the graph of a bounded function. 
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Given v E S'^{D), define a kernel ky : D x D ^ [0, oo] by 


ky{x,y) := 


U {x,y) 

v{x)v{y) ’ 


x,y £ D. 


(5.3) 


We will later consider v{y) = U^{y,XQ) A 1. Note that ky{x,y) is jointly lower semi-continuous on 
D X D hy the joint lower semi-continuity of U^, cf. Proposition 13.31 and the assumptions that v 
is positive and continuous in the extended sense. For a measure A on D let Xy{dy) := X{dy)/v{y). 
Then 

kyX{x) := [ ky{x,y) X{dy) = [ ^ X{dy) = [ U^{x,y) = ^—U^Xy{dy). 

Jd Jd v{x)v{y) v{x) Jd v{y) v{x) 

We dehne a capacity with respect to the kernel ky as follows: 


Cy{E) := inf{||A|| : A;„A > 1 on .F} , EcD, 

where ||A|| denotes the total mass of the measure A on L). The following dual representation of the 
capacity of compact sets can be found in |15l Theoreme 1.1]: 

Cy{K) = sup{^(iF) : yL{D \ K) = 0, kyy, < 1 on D} . (5.4) 

For a compact set K <Z D, consider the balayage . Being a potential, for a 

measure A^’'“ supported in K. Recall that {S ^is the Dirichlet form associated with Y^. 
Define the Green energy of K (with respect to v) by 

yy{K):= [ [ U^{x,y)X^’^dx)X^’^{dy) = [ U^X^’^{x) X^’^{dx) = £^{U^X^’\U^X^’^). 

Jd Jd Jd 

As usual, this definition of energy is extended hrst to open and then to Borel subsets of D. By 
following the proof of |23l Proposition 5.3] we see that for all Borel subsets E G D it holds that 

yy{E)=Cy{E). (5.5) 

Note that in case v = 1, 7i(F^) = Ci{E) = Capjj{E). 

Let {Qj}j>i be a Whitney decomposition of D. Recall that Xj is the center of Qj and Q* the 
interior of the double of Qj. Then {Qj,Qj} is a quasi-disjoint decomposition of D in the sense of 
O pp. 146-147]. 

Definition 5.1 A kernel k : D x D ^ [0,-|-oo] is said to satisfy the local Harnack property with 
localization constant ri > 0 with respect to {Qj,Qj} if 

k{x, y) X k{x'y ), for all x, x' E Qj and all y £ D\Qj , (5.6) 

for all cubes Qj of diameter less than ri. 

Definition 5.2 A function u : D —)• (0,oo) is said to satisfy the local scale invariant Harnack 
inequality with localization constant ri > 0 with respect to {Qj} if there exists c > 0 sueh that 

supu < cinf V , for all Qj with diam((5j) < ri. (5.7) 

Qj Qj 
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Lemma 5.3 If v £ S^{D) satisfies the local seale invariant Harnaek inequality with localization 
constant ri > 0 with respect to {Qj}, then the kernel k^ satisfies the loeal Harnaek property with 
localization constant ri > 0 with respect to 

Proof. This is an immediate consequence of Corollary 13.4l fil. □ 

Typical examples of positive continuous excessive functions v that satisfy the scale invariant 
Harnaek inequality are functions v = 1 and v = U^{-,xo) A c with xq £ D and c > 0 fixed. 

Lemma 5.4 For every M > 0, there exists a constant c = c{M) £ (0,1) such that 

cCap£)(Qj) < Cap(Qj) < Cap£,(Qj) (5.8) 

for all Whitney eubes whose diameter is less than M. 

Proof. By (|5.4I) and (15.5p we have that for every compact set K d D, 

CapD{K) = sup{p.{K) : supp(//) C K, pL < 1 on D} . 

If supp(//) C K and Gxh < 1 on then clearly pi < 1 on ID. This implies that Cap(If) < 
Cap£)(If) for all compact subset If C ID, in particular for each Whitney cube Qj. 

Let pL be the capacitary measure of Qj (with respect to Y^), i.e., p.{Qj) = Cap£,{Qj) and 
< 1. Then by Corollary 13.dl iil for every x £ Qj we have 

1>U^Pl{x)=[ U^{x,y) ij{dy) > f cGx{x,y) ia{dy) = Gx{cfi){x). 

J Qj J Qj 

By the maximum principle it follows that Gxicfr) < 1 everywhere on Hence, Cap{Qj) > 
{cia){Qj) = cCapDiQj). □ 


Lemma 5.5 Suppose that v £ S‘^{D) is a funetion satisfying the local scale invariant Harnaek 
inequality with localization constant ri > 0 with respect to . Then for every Qj of diameter less 
than ri and every E C Qj it holds that 

■yv^E) X v{xjfCapi:){E). (5.9) 

Proof. The proof is same as the proof of [231 Lemma 5.8(i)]. □ 

Definition 5.6 Let {Qj} he a Whitney decomposition of D and v £ S‘^{D). A Borel measure a 
on D is locally comparable to the capacity Cy with respect to {Qj} at z £ dD if there exists r, c > 0 
such that 


a{Qj) X Cy(Qj), for all Qj with Qj Ci B{z,r) $ , 
cr{E) < cCy{E), for all Borel E C D Ci B{z, 2r). 

Recall that {£^is the Dirichlet form associated with Y^. 
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Lemma 5.7 (Local Hardy’s inequality) There exist constants c > 0 and r > 0 such that for every 
V E V{£^) and z E dD, 


£^{v,v) > c f v{x)‘^‘^)dx. (5.10) 

J DnB{z,r) 

Proof. Since H is a domain, there exist 6i > 1, i?i > 0 and a cone C whose vertex is at the 
origin, such that for every z E dD and x ^ D £> B{z, biRi/2), there exists C, which is a rotation of 
C, such that 


(C + x) n {bi5{x) < |x — y| < i?i} C D^. (5-11) 

Choose r E (0,6ii?i/2) small that (f{{bir)~'^) > 2(f){Rf‘^). 

Fix V E 'D{£^) and 2 ; E dD. By (|2.4I1 and (|2.7p . 


£^{v,v) > 


I Dr\B{z,r) 


v{x)‘^ kd{x) dx > 


v{x)‘^K^{x) dx. 


lDnB{z,r) 


Let X E H n B{z,r). By (|2.6I) . (|5.11l) . and the lower bound in (I2.17D . 


= / jix-y)dy> [ 

Jd<^ Ju 


j{x - y)dy 

{C+x)r\{hi5{x)<\x—y\<R\_} 

> Cl/ \x-y\~'^~‘^(j)'{\x-y\~‘^)dy 

J (C+a:)n{fei(5(a;)<|a;— 

> C2 [ --^{(p{s~^))ds = C2{(f)i{bi5{x))~^) - (fiRf"^)) 

JbiS{x) ds 

= 2~^C2(l){{bi6{x))~^) > C34>{6 {x)~^) . 

In the second to last inequality we used (/>((6i(5(x))“^) > (f){{bir)~‘^) > 2()){Rf‘^) and, in the last 
inequality we used (I2.ip . □ 


For V E S^{D), define 

(T^(i7) := / v{x)‘^(f){5{x)~^) dx , EcD. 

Je 

Proposition 5.8 Let v E S^{D) satisfy the local scale invariant Harnack inequality with localiza¬ 
tion constant ri > 0 with respect to the Whitney decomposition {Qj}. Then is locally comparable 
to the capacity Cy with respect to {Qj} for every z G D. 


Proof. Fix 2 ; E dD and let r = (ri Ar2)/2 where r 2 is the constant r in Lemma [5.71 Since v satisfies 
the local scale invariant Harnack inequality with localization constant ri, we have v x v{xj) on 
any Qj of diameter less than ri. By Lemma [531 ^v{Qj) ^ v(xj)"^Cap£){Qj) for any Qj of diameter 
less than r. On the other hand, by Lemma 15.41 and (15.11) . 

CTviQj) = [ v{x)‘^(p{6{x)~‘^) dx v{xj)‘^(p{{diam{Qj)) ^|Qj| x Cap(Zl) x Capi 5 (Qj) 

J Qj 


for all Qj with Qj n B{z,r) / 0. Thus ^v{Qj) ^ ^^VniQj)- 
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Using local Hardy’s inequality, Lemma 15.71 for any Borel subset E <Z D and compact K C 
Er^B{z,2Ej, 

lv{E) > jy{K)=£^{U^X^’\U^X^’^)>ci[{U^X^’^){xf^{5{x)-^)dx 

Jk 

= Cl f v{x)‘^(p{5{x)~‘^) dx = ciav{K). 

Jk 

This proves that 'yv{E) > ciav{E). □ 

Now we can repeat the argument in the proof of [3l Theorem 7.1.3] and conclude that 7 ^ = 
is quasi-additive with respect to {Qj}- 

Proposition 5.9 For any Whitney decomposition {Qj} of D and any v G satisfying the 

local scale invariant Harnack inequality with respect to {Qj}, the Green energy 7 ^ is locally quasi¬ 
additive with respect to {Qj} for every z G dD: There exist r, c > 0 such that for every z G dD, 

c~^ ^^^y{E n Qj) < jv{E) < c'^^jy{E n Qj) for all Borel E C D n B{z,r). 
j>i i>i 

6 Minimal thinness 

Throughout this section, we assume that cf is a Bernstein function satisfying (A1)-(A6) and that 
D C M'’* is either a bounded domain, or a domain with compact complement or a domain 
above the graph of a bounded function. We assume that the characteristics of D is {R, A). 

We start this section by recalling the definition of minimal thinness of a set at a minimal Martin 
boundary point with respect to the subordinate killed Brownian motion . 

Definition 6.1 Let D he an open set in A set E <Z D is said to he minimally thin in D at 
z G dmD with respect to if ^ My{-,z). 

For any 2 : G dmD, let Y^'^ = denote the My {■, z)-pTocess, Doob’s /i-transform of 

Y^ with /i(-) = My{-,z). The lifetime of Y^’^ will be denoted by Q It is known (see [23]) that 
limi-i-^ Y^^’^ = z, P^-a.s. For E C D, let Te '■= inf{t > 0 : y/^’^ G E}. It is proved in [T31 Satz 
2.6] that a set E G D is minimally thin at 2 G dmD if and only if there exists x G D such that 
p^(rE < 0 / 1 . 

We assume now that 2 is a fixed point in dD and the base point xq of the Martin kernel My 
(cf. (14.31) 1 satisfies xq G D n B{z,R) and R/A < 6{xo) < R. 

The following criterion for minimal thinness has been proved for a large class of symmetric 
Levy processes in [231 Proposition 6.4]. The proof is quite general and it works whenever (1) the 
cone of excessive functions of the underlying process forms a balayage space, and ( 2 ) the inequality 
in Corollary 14.141 relating the Green function and the Martin kernel of the processes is valid. In 
particular, the proof works in the present setting. For E G D, define 

En = E n {x & D : 2“”“^ < |x — z| < 2~"’} , n > 1. 

Proposition 6.2 A set E G D is minimally thin in D at z with respect to Y^ if and only if 
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Let us fix z E dD. Define v{x) = U^{x,xo) A 1 so that v E S'^{D). By Theorems 13.11 and 14.51 
we see that for x close to z, 


My{x,z) (j)'{\x — z\ 

v{x) \x — z\'^^^(l){\x — z\~‘^Y 

with a constant depending on z and xq, but not on x. By using Lemma iTTT bL we see that there 
exists a constant ci > 0 such that for large n, 


1 </,( 22 n )2 


v{x) < My{x,z) < Cl 


2 {n+l)(d+i) (j)'(^ 2 '^in+l) ^ 

(^(22(n+l))2 


v{x ), 


X E Eri • 


This implies that 


■ .^(22”)2 S Cl 


2(n+l)(d+4)0/^22(«+l)) ^ 

<^(22(n+l))2 


In particular, 


^^(xo) < oo if and only if E .iTll ' it’f"(xo) < oo . (6.1) 


n=l 


</,( 22-)2 


Since i?®" is a potential, there is a measure A„ (supported by E^) charging no polar sets such that 
Ry’^ = U^Xn- Also, Ry'^ = V = U^{-,xq) on En (except for a polar set, and at least for large n), 
hence 


Rt 


‘(xo) = 17^A„(xo) = [_ U^{xo,y) Xn{dy) = [_ v{y)Xn{dy) 

J Eji En 

= f_ Rv"{y) ^n{dy) = f f U^{x,y)\n{dy)Xn{dx) =-iy{En) 
JEn JDJD 

We conclude from (16.ip that 

2 ’^('^+‘^) A'( 22 ”-) 

n=l n=l ' 

Thus we have proved the following Wiener-type criterion for minimal thinness. 
Corollary 6.3 E C D is minimally thin in D at z with respect to if and only if 

^ 2n{d+i) 

^ (j){2‘^n\2 lv{En) < OO. 


n=l 


( 6 . 2 ) 


Now we state a version of Aikawa’s criterion for minimal thinness. 

Proposition 6.4 Let z E dD and E <Z D, let {Qj} be a Whitney decomposition of D and let Xj 
denote the center of Qj. The following are equivalent: 

(a) E is minimally thin at z with respect to ; 
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E 


v^{xj)(l)'{disi{z, Qj 


\- 2 \ 




(c) 


E 


j:QjnS(z,1)7^0 


dist( 2 ;, (5j)‘^+^(/>(dist(z, Qj) 


dist^(Qj, 9E>)(/>'(dist(z, Qj) ^) 
dist(z, Qj)'^+^(?!)(dist( 2 :, Qj)“^)^ 


Cap£)(£' n Qj) < 00 : 


Cap£)(£' n Qj) < 00 . 


(6.3) 


Proof. By using Proposition 15.91 the proof is analogous to the proofs of [23l Proposition 6.6 and 
Corollary 6.7], cf. also |26l Proposition 4.4], therefore we omit the proof. □ 

Proof of Theorem 11.11 Assume that E is minimally thin at E dD. By Proposition 16.41 the 
series (16.3p converges. By Proposition 15.81 the measure 

a{A) := j dx , AcD, 

Ja 

is comparable to the capacity Cap^, with respect to the Whitney decomposition {Qj}. Therefore 

Cap£i(i7 n Qj) > cifT(£'n Qj) = Cl / lQ.{x)(j){5{x)~‘^) dx. 

Je 

For X E Qj we have that dist^(Qj,911) x (5(x) and dist(z,Qj) x \x — z\. Therefore, 

dist^(Qj, 9il)(/)'(dist(2;, Qj)“^'' 

> C2 


00 > 


C ap n (E C Q j 


dist( 2 :, Qj)'^+^i?!)(dist( 2 :, Qj) 2)^ 

f 5{x)'^(p'{\x - z\~‘^) \- 2 \ , 

Je\x- z\'^+m\x - z|-2)2 )dx 


j:QjnB(z, 1 ) 7^0 


= C2 




1-21 


6 {x)^(l){ 6 {x) ^)(j)'{\x — z 
'EnB{z,i) \x - z\^+^(l){\x - z\-^)^ 


dx. 


Conversely, assume that i? is a union of a subfamily of Whitney cubes of D. Then E n Qj is 
either empty or equal to Qj. Since Cap^iQj) ^ ^{Qj) = Jq. 4>{^{x)~‘^) dx, we can reverse the first 
inequality in the display above to conclude that 


E 


- 2 ', 


j:QjnB{z,l)7^tl} 
< C 3 




dist^(Qj, 9Zl)(^'(dist(z, Qj) 
dist( 2 ;, Qj)'^+^i;/)(dist(z, Qj)~'^Y 

5{x)‘^ (l){5{x)~‘^)(j)' {\x — z\~‘^ 
'EnB(z,i) \x - z\<^+^(t){\x - z\-‘^Y 


Cap 11(77 C Qj 


■ dx. 


□ 


Theorem 11.11 will be now applied to study minimal thinness of a set below the graph of a 
Lipschitz function. We start by recalling Burdzy’s result, cf. [3116]: Let / : -A [0, 00 ) be a 

Lipschitz function. The set A = {x = {x,Xd) E H : 0 < Xd < fix)} is minimally thin in H with 
respect to Brownian motion at z = 0 if and only if 


fix)\x\ ^ dx < 00 . 




(6.4) 
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It is shown recently in [20] that the same criterion for minimal thinness is true for the subordinate 
Brownian motions studied there. By using Theorem 11.11 one can follow the proof of [201 Theorem 
4.4] and show the Burdzy-type criterion for minimal thinness in Proposition 16.51 In the proof we 
will need the following simple observation: For any T > 0, we have for t E (0, T], 

dr x (6.5) 

Indeed, since r‘^<f){r~‘^) < for all 0 < r < t, it follows that dr < On 

the other hand, since (j) is increasing, r‘^(j){r~‘^) dr > J^r'^dr = 



Proposition 6.5 Assume that d>3 and that f : —>■ [0,oo) is a Lipschitz function. Suppose 

D = {x = {x,Xd) E : x^ > h(x)} is the domain above the graph of a hounded function h. 
Then the set 

A := {x = (x, Xd) E : h(x) < Xd < fix) + h{x)} 
is minimally thin in D at 0 with respect to if and only if 


f fix)^(l)ifix) ^)(t)'i\x\ 2) 
Jm<i} |5i|'^+V(|x|-2)2 


dx < oo . 


( 6 . 6 ) 


Proof. Without loss of generality we may assume that /(O) = 0. We first note that by the Lipschitz 
continuity of /, it follows that |5:| < |x| < ci|5:| for x = ix,Xd) E A. Hence by Fubini’s theorem we 
have 


r xj^ixf)<f'i\x\-^ ^ 
Ia |x|'='+V(k|-2)2 

f (f'fx) 


:\’^+^(f){\x\ 


dx= dx \A{x,Xd) 

J\x\<l J 

jdx Xd4>ixf^)dxd 
Jo 




xj^ixd )(P'i\x 


|x|'^+^(/>(|x| 


- 2\2 


■ dxd 


'\x\<l 

f fix)^4>ifix)~^)4>'im~‘^) 

/|S|<1 |5i|<^+2<^(|T|-2)2 


dx, 


(6.7) 


where the last asymptotic relation follows from (16.5p with T = sup|j|<i /(*)• H follows from 
Theorem 11.11 that if A is minimally thin in D at 0, then ()6.6p holds true. 

For the converse, let {Qj} be a Whitney decomposition of D and define E = Uq clearly 
A C E. Let Q* be the interior of the double of Qj and note that {Qj} has bounded multiplicity, 
say N. Moreover, if Qj Ci A 0, then by the Lipschitz continuity of / we have \Qj Cl A\ >c \Qj\. 
Moreover, for a: E Q* we have |x| x dist(0, Qj). Therefore 


Xd^iXd‘^)<t>'{\x 


l-2'i 


\- 2\2 


■ dx < 


Ja \x\^+^(j)i\x\ -r Je \x 

xlcPixf)cf'i\x\-^ 


- 2\2 




QjDA^fl) 


Q \x\<^+^(j){\x\ 


- 2\2 


xlcfix-/)f>'i\x\-^) 
'x\^+‘^(fi\x\ 

dx 


dx 


\n* ^(Qj,-P))(?i^(dist ^(0,Qj)) 

~ ^ ^ ^ dist'^’''^(0, Qj)())(dist“^(0, Qj))2 

xlcfixf)cP'i\x\-^) 


QjnA^fh 


< 


S i 

QjnAj^fD''^3 


x^4>ix,‘^)(j)'i\x\ ^) f 

lld+iln |-2j2 ^ / 

Q*nA \x\<^+^(pi\x\ Ja 


|x|'^+"^(/>(|x| 


- 2\2 


dx . 


( 6 . 8 ) 
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If (j6.6ll holds, then (16.7p and (|6.8p imply that 


f xjcl){x/)(/)'{\x\ 2) 

Je \x\<i+^<p{\x\-^y 


dx < oo. 


Hence, by Theorem ll.il E is minimally thin, and thus A is also minimally thin. 


□ 


Remark 6.6 In case d> 2 and a hounded domain, we can get an analog of Proposition 16.51 
Let z G dD and choose a coordinate system CS with its origin at z such that 

B{z, R)r\D = {y = (y, yd) in CS : \y\ < R, yd > h{^}, 

where h is a C^’^-function h : —>■ M satisfying /i(0) = 0. Let / : ^ [0, oo) be a Lipschitz 

function and 

A\= {x = (x, Xd) € D : |x| < ii, h{x) < Xd < f{x) + h{x)}. 

Then the set is minimally thin in T) at z G dD with respect to if and only if (|6.6I) holds true. 


7 Examples 


In this section we assume D is either a bounded domain in or a half-space. We first 
compare criteria for minimal thinness for three processes in D related to the isotropic a-stable 
process. The first process is the killed isotropic a-stable process , 0 < a < 2, that is a 
killed subordinate Brownian motion Xt = Wst where {St)t>o is an (a/2)-stable subordinator. The 
corresponding Laplace exponent is the function The second process is the subordinate 

killed Brownian motion with the same (a/2)-stable subordinator. The third process is 

the censored a-stable process Z^. The process is a symmetric Markov process with Dirichlet 
form given by 


C{v,v) = / / {v{y) - v{x))‘^j{y - x)dydx , 

Jd J d 

where j{x) is the density of the Levy measure of the isotropic a-stable process. The censored stable 
process was introduced and studied in [6]. When a G (1,2), Z^ is transient and converges to the 
boundary of D at its lifetime. 

Hardy’s inequality for the Dirichlet form of Z^ was obtained in [ini[i3]. Let be the Green 
function of Z^. If D is a bounded ( 7 ^A domain, sharp two-sided estimates on were obtained in 
[S]. If D is a half-space, say the upper half-space, then it follows from [U] that the censored a-stable 
process in D satisfies the following scaling property: for any c > 0, if {ZP)t>o is a censored a-stable 
process in D starting from x G D, then {cZl^^^a)t>o is a censored a-stable process in D starting 
from cx. Thus the transition density p^{t,x,y) of Z^ satisfies the following relation: 


Pz{t^x,y) = t 




t > 0,x,y G D. 


Now using the short-time heat kernel estimates in we immediately arrive at the following global 
estimates: 

d+a 

r 


dpix] 


1 A 


Sd{x) 


on (0, oo) X D X D. 


p^{t,x,y) X t ^ ( 1 A 


ti/c 


x-y\ 
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Using the above estimates, one can easily get sharp two-sided estimates on Gd from which one can 
easily show that 


lim 

x^D^oo [z, y) 


= 0 . 


Sharp two-sided estimates on G^ give sharp two-sided estimates on the Martin kernel of . The 
arguments in [8] imply that the finite part of the minimal Martin boundary of D with respect to 
and the finite part of the Martin boundary of D with respect to Z^ both coincide with the 
Euclidean bonndary dD of D. 

Based on these results, one can follow the proof of [261 Proposition 4.4] (which is an analog 
of Proposition 16.4p line by line and see that the same results also hold when D is a half-space. 
Therefore the following holds. 


Proposition 7.1 Let a G (1)2) and d > 2. Let D he either a bounded domain in or a 
half-space, z G dD, E C D, and let Xj denote the center of Qj. Let xq G D be fixed, Cap^ be the 
capacity with respect to Z^ and v{x) = G^{x,xo) A 1. The following are equivalent: 


(a) E is minimally thin at z; 

(b) 


dist(2;,(5j) "■'■^n(xj)^Cap^(E n Qj) < oo; (7.1) 


(c) 


E 


dist(Qj,aT>)^(»-^) 

dist( 2 ;, Qj)'^+““^ 


Cap'^(£' n Qj) < oo . 


(7.2) 


It is shown in [26] that the measure a{A) := S{x)~°‘dx is comparable to Cap^ with respect to 

the Whitney decomposition. Further, it follows from [21 Theorem 1.1] that v{xj) x dist{Qj,dD) x 
j(^)2(o-i) X ^ Qj. With this in hand one can use the argument in the proof of Theorem ll.il 

to prove the following criterion for minimal thinness with respect to the censored a-stable process. 


Theorem 7.2 Assume that a G (1,2). Let D be either a bounded G^'^ domain in or a half¬ 
space, d>2, and let E be a Borel subset of D. 

(1) If E is minimally thin in D at z & dD with respect to Z^, then 


S(x 


,a-2 


'BnB(z 


1 ) \x — z\^+' 


0-2 


dx < OO. 


(2) Conversely, if E is the union of a subfamily of Whitney cubes of D and is not minimally thin 
in D at z £ dD with respect to , then 


5{x 


, 0-2 


'EnBiz,!) 


0-2 


dx = oo. 
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Note that for the integral in the criterion for minimal thinness is 


L 


1 


>EnB{z,l) 1 ^ ~ ^ 1 “ 
while for the corresponding integral becomes 

f 


■ dx , 


'EnB{z 


^ 1 ) \x — 2 :|<i+ 2 -« 


dx. 


Corollary 7.3 Let D be either a bounded domain in with d>2 or a half-space with d> 3. 
Let E be the union of a subfamily of Whitney cubes of D and z E dD. 

(i) Let 1 < a < 2. If E is minimally thin at z with respect to , then it is minimally thin at z 
with respect to . 

(a) Let 0 < a < 2. If E is minimally thin at z with respect to X^, then it is minimally thin at z 
with respect to . 

(Hi) Let 1 < «! < 02 < 2. If E is minimally thin at z with respect to the ai-stable censored process, 
then it is minimally thin at z with respect to the a 2 -stable censored process. 

(iv) Let 0 < oi < 02 < 2. If E is minimally thin at z with respect to Y^ with index 02 , then it is 
minimally thin at z with respect to Y^ with index oi. 


Proof. All statements follow easily from criteria in Theorems 11.11 and 17.21 together with the 
observation that since 5(x) <\x — z\, 


5{x) 
X — z 


2-a 

< 1 < 


X — z 


a-2 


□ 


A criterion for minimal thinness of a set below the graph of a Lipschitz function with respect 
to the censored stable process is given in the following result which can be proved in the same way 
as Proposition 16.51 

Proposition 7.4 Let a € (1,2). Assume that f : —>■ [0,oo) is a Lipschitz function. Suppose 

that D = {x = (x, Xd) E : 0 < Xd}- Then the set 


A:= {x = {x, Xd) G D : 0 < Xd < f{x)} 


is minimally thin in D at 0 with respect to if and only if 


I 




I ^ I d-\-Ck —2 


dx < 00 . 


In case of X^, the criterion reads 


f fix) 
I {\x\<l} 1^1 


dx < 00 , 


while for Y^ with d> 3, (|6.6p becomes 




dx < 00 . 


(7.3) 


(7.4) 


(7.5) 
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Example 7.5 Let d > 3 and D = {x = {x,Xd) E : 0 < Xd}, f ■ [0, oo) a Lipschitz 

function and put A := {x = (x, Xd) G D : 0 < Xd < fix)}- 

(1) If f{x) = \xy with 7 > 1, then an easy calculation shows that all three integrals in (I7.3p - (|7.5p 
are finite if and only if 7 > 1 . Thus, for all three processes, A is minimally thin at 2 ; = 0 if and 
only if 7 > 1 . 

(2) Let fix) = |x| (log(l/|x|)) /3 > 0. Then / is Lipschitz. By use of (|7.3l) - (|7.5p it follows easily 

that A is minimally thin at 2 ; = 0 

with respect to if and only if /3 >-, 

a — 1 

with respect to if and only if /3 > 1 , 

with respect to if and only if /3 > -. 

3 — 0 ! 

Since 1 < 1/(3 —a) for o E (0, 2) and 1 < l/(a —1) for a E (1,2) this is in accordance with Corollary 
17.31 By choosing (5 and a appropriately, we conclude that none of the converse in Corollary 17.31 
holds true. 

We conclude this paper with an example about minimal thinness with respect to subordinate 
killed Brownian motion in the half-space via geometric stable subordinators. We define Li(A) = 
log A, and for n > 2 and A > 0 large enough, T„(A) = Li(L„_i(A)). Applying Proposition 16.51 we 
can easily check the following. 

Example 7.6 Let d > 3 and a E (0,1]. Suppose that D = {x = (x, Xd) E : 0 < Xd] and is 
the subordinate killed Brownian motion in D via a subordinator with Laplace exponent log(l +A“). 
Assume that / : [0, 00 ) a Lipschitz function and define A ■.= {x = (x, Xd) G D : 0 < Xd < 

f(S)}- 

(1) Let /(x) = |x| (Li(1/|x|)) ^ with /3 > 0. Then A is minimally thin at 2 ; = 0 with respect to 
Y^ if and only if /3 > 0 . 

(2) Let n > 2 and /(x) = |x|(L 2 (l/|x|) • • • Ln(l/|a?|)) ^^^(L„+i(l/|x|)) ^ with /3 > 0. Then A is 
minimally thin at 2 ; = 0 with respect to Y^ if and only if /3 > 1/3. 


Acknowledgements: We are grateful to the referee for the insightful comments on the first version 
of this paper. 
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